Unit 3 Free Response Practice

1)

2)

1979 AB2

A function f is defined by f(x)=xe >* with domain 0< x<10.

(a)

(b)

Find all values of x for which the graph of f is increasing and all values of x for
which the graph 1s decreasing.

Give the x- and y-coordinates of all absolute maximum and minimum points on the
graph of f Justify your answers.

1981 AB3/BC1

Let f be the function defined by f(x)=12x

(a)
(b)
(c)
(d)
(e)

(=]

L

—4x.

Find the intervals on which f 1s increasing.

Find the x- and y-coordinates of all relative maximum points.
Find the x- and y-coordinates of all relative minimum points.
Find the intervals on which f is concave downward.

Using the information found in parts (a), (b), (¢), and (d), sketch the graph of f on
the axes provided.

20T




5)

1981 BC7

Let f be a differentiable function defined for all x >0 such that

(1) f(1)=0,
(i) f'(1)=1, and

..o d
i) —[F(2x)] = (x), forall x>0
(i) —-[/20)]=/(x)
(a) Find f'(2).
(b) Suppose f' isdifferentiable. Prove that there is a number ¢, 2 <¢ <4, such that

()= -1
fle)y=-2

1982 ABS/BC2
Let f be the function defined by f(x)= [12 +1)e™ for —4=x<4.
(a) For what value of x does f reach its absolute maximum? Justify your answer.

(b) Find the x-coordinates of all points of inflection of f Justify your answer.

1988 BC3

8 [
100

C

The figure above represents an observer at point 4 watching balloon B as it rises from
point C. The balloon 1s rising at a constant rate of 3 meters per second and the observer is

100 meters from point (.
(a) Find the rate of change in x at the instant when y =50.

(b) Find the rate of change in the area of right triangle BCA at the instant when y=50._

(c) Find the rate of change in © at the instant when y=350.



6)

7)

8)

9)

1983 AB1
Let / be the function defined by fi{x)=-2 +]n{x3} .

{a) For what real numbers x is [ defined?
(b) Find the zeros of f

(c) Write an equation for the line tangent to the graph of fat x=1.

1986 AB1

Let § be the function defined by f{x)=7-15x +9x7 —x* for all real numbers x.

(a) Find the zeros of [
(b}  Write an equation of the line tangent to the graph of fat x=2.

{c) Find the x-coordinates of all points of inflection of /7 Justify your answer.

1987 BC2
Consider the curve given by the equation }-3 +3x7 y+13=0.
.oy
a) Find —.
(a) e

(b} Write an equation for the line tangent to the curve at the point (2,—1).

{c) Find the minimum y-coordinate of any point on the curve. Justify yvour answer,

1985 AB1

2x-5
x’-4

Let f be the function defined by f{x)=

{a) Find the domain of f°

{(b) Write an equation for each vertical and each horizontal asymptote for the graph of f

(¢) Find f(x).

{d) Write an equation for the line tangent to the graph of [ at the point (0, f{0)).



10)

1984 ABS

The volume I of a cone [l«’ = %n‘rzh} is increasing at the rate of 28n cubic units per

second. At the instant when the radius » of the cone is 3 units, its volume 15 127 cubic
1

units and the radius is increasing at 3 unit per second.

(a) At the instant when the radius of the cone is 3 units, what is the rate of change of

the area of its base?

(b} At the instant when the radius of the cone is 3 units, what is the rate of change of its
height i?

(c) At the instant when the radius of the cone is 3 units, what is the instantaneous rate
of change of the area of its base with respect to its height k7



ANSWER KEY:

1)
1979 A B2
Solution

(a)  fix)=e ™ —2xe™ = ¢ (1-2x)

Fix)=0when 1-2x >0,
The graph of fis increasing fior DS::%.

Fix)=0whenl-2x <0,
The graph of (15 decreasing for ]E:IEII:L

b fxi=0= ™ *(1-2x)=0
There is a critical point when 1-2x =0, hence only at x= %
ﬂ{x{%:&f’{x}}ﬂ

—;{Jr{m::r_il"{_ﬂcﬂ

The graph of ' mcreases and then decreases on the interval 0= x <10, Therefore the

. 11
absolute maximum point 15 at {E,z—] .
e

The absolute minimum value must be at an endpoint.

1k
f0)=0, f(10)=—

&

Therefore the absolute minimum point 15 at (0,0)

The absolute maximum can also be justified by using the second denvative test to
show that there 15 a relative masximum at x = % , then ohserving that the absolute

maximum also eccurs at this x value since it i the only crtical point in the domam.



2)

1981 AB3/BC1
Solution

(a)

(b)

(c)

(d)

(e)

f(x)=12x*P -4x;, f'(x)=8x""3 -4
8x 13 -4)>0, x>0 > x<8

(83:'”3 -4)>0, x <0 = no x satisfies this

or
Critical numbers: x=8. x=0

£ -+ -
I I
0 8

Therefore f1s increasing on the interval 0 <x <8.

2™ Derivative Test: f"(x)= -%x'“ ?
f"(8) <0 = relative maximum at (8,16)
The 2™ Derivative Test cannot be used at x = 0 where the second derivative is

undefined. Since f'(x) <0 for x just less than 0, and f'(x)> 0 for x just greater
than 0, there 1s a relative minimum at (0,0).

f'(x)=-§x“’3<0 if x#0

The graph of f1s concave down on (—0,0) and (0, +=) .

201

10



1981 BC7
Solution

(@) %[f(lx)]=f‘(x] by (iii)
£(2%)-2= f'(x)
fe0=srw

F@=3rM=3 by

(b) Thereisac, 2<c<4, sothat f"(c]zw by the Mean Value theorem.
f@=5  fom@
=7 fom(®)

I 1

" 4 2 1
Therefore =Tt =
SAO=43 7%



1982 ABS/BC2
Solution

(a)

(b)

f(x)=(x*+De™ -4<x<4

flx)=2xe™" = (x> + e~ == ¥ (x+1)°

f'(x)=0 for all x and therefore f is decreasing for all x.

Since f1s decreasing on the entire interval, the absolute maximum 1s at x=-=4.
or

The absolute maximum 1s at a critical point or an endpoint. There 1s a critical point
at x=1.

f(=4)=17¢*

sm=2
e
fa=11

Therefore the absolute maximum 15 at x=-4.

fl(xy=e"(x- ) =™ 2(x=1) = (x=1)(x-3)
Frix) | + e e
| I | I
—4 1 3 4
f(x)=0 -4<x<l

f(x)<0 l<x<3

f(x)=0 J<x<4
The points of inflectionare at x=1 and x=3.



5)
1988 BC3

Solution

(@ x° =37 +100°

h‘ﬁ=2}'ﬂ
ot dr
At y=350, x =505 and ﬂ— 3:30 =ﬁ m/s

_ 50 3)
~ 12500
=£mfs
5
) A4="22 - s0y
2
4 _ 50 _50.3=150 mis
dr
¥
C tanf=—
© 100
o0 L3
dr 100 4 100
E=icns‘ﬂ
dr 100
At }.-jﬂ cosB =£ and therefore ﬁ—i[il =
an.f=z dt w,;l"_
6)
1983 AB1
Solution

{a) Inwisdefined only for u=0.

xz}Dexceptfur x=0.
Therefore f(x) is defined forall x=0.

(b)  f(x)=0 when In(x)=2
xP=¢?
A =e

The zeros are x=te.

© fw=3=2
X

X
Fy=2=2
f()==2+In(1%)==-2

The equation of the tangent line 1s
y=(-2)=2({x=1) or y=2x-4



7)

8)

1986 AB1
Solution
(@)  fl(x)=T-15x+9x" - x> =—(x-1)%(x=7)
The zerosareatx =1l andx=7.
(b)  [(x)=—15+18x—3x"
f(2)=-15+36-12=9
fi2)=7-30+36-8=35
The tangent line is y—5=9%x-2) or y=9x-13.
(c)  fUix)=18-6x
18—6x=0,x=13
There is a point of inflection at x = 3 because
Sfeoncave up on (—=o,3) and concave down on (3,9)
or
" changes sign from positive to negative at x=13
or
Ifrr & | _
3
1987 B2
Solution
(@) 337y +3x%y+6xy=0

(b)

(c)

bxy 2wy

__3Jc1+3y1 __xz+}-2
At the point (2,-1), y'= X2 _4
4+1 5
. L 4 4 13
The equation of the tangent line is y+1 =El__t—2] crr}-‘=gx—?.
f = :2@1=D:>_r=ﬂury=ﬂ
4y

Since v cannot be 0 for any point on the curve, we must have x=0_ We claim that

this gives the minimum y-value on the curve. Atx=10, y= -3,

Jﬂ[yl+3x1]=—13::-}'«:D.Therafum y<0forx<0and y' =0 forx > 0. Thus

x=0 does give the minimum value of y= -3,

Non-calculus argument: y{yz +3x7 y=—13= y<0. Therefore }'3 +13= —3:3}' =0
for all points on the curve. Thus y = —-?.l"ﬁ for all points on the curve. But

}-‘=—3 13 when x =0, thus }-‘=—-?b"ﬁ 15 the minimum.



9)

10)

1985 AB1
Solution

(a) The domain of f is all real numbers except x=2 and x=-2.

(b}  Asymptotes
Vertical: x=2, x=-2
Horizontal: y=0

© rew-2 o _ij;_'f;_g -
(d) Tangentlineatx=0

o)==

ro)=-3

The equation of the line is

}r_iz—.l{_t_ﬂ}

4 2
or
p= I_t'+5
Y 2 4
or
21+4_}.~=5 1984 ABS
Solution
ja) A=m’
Whenr=3,ﬂ=2nr£=2m3-l=3ﬂ
di 2
1 _ 2
(b) I=E‘Fl.r'ﬁ‘ or

a1 sdh 2 dr
—_—=f —t=nrh—
a3 dr 3 df
1 dh 2 1
B ==nY)—+=m(3)d)| =
3 i }d.' 3 (3N }[1]

L J
dt

(0 —=4r="r

Therefore ad = 111{3]-[L]=3—“
al 16 8

F-':lAH
3

dv _ 1 gdh 1,d4
i 3 i 3 i

1 a1
Br=—(0n)—+—=43n
3[ }d.' 34{ |

dh _g
dr



