The “Big” Theorems (EVT, IVT, MVT, FTC)
(With special thanks to Lin McMullin)

On the AP Calculus Exams, students should be able to apply the following “Big” theorems though students need not
know the proof of these theorems.

The Extreme Value Theorem (EVT)

e Formal Statement: If a function f is continuous on a closed interval [a, b], then:
1. There exists a number ¢ in [a, b] such that f(x) < f(c) forall x in [a, b].
2. There exists a number d in [a, b] such that f (x) = f(d) for all x in [a, b].
s  Translation: If a function f is continuous on a closed interval [a, b], then f takes on a maximum and a minimum
value on that interval.
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s Special Notes:
o Afunction may attain its maximum and minimum value more than once. For example, the maximum
value of ¥y = sin(x) is 1 and it reaches this value many, many times.
o The extreme values often occur at the endpoint of the domain. That's why it's so important to check
the endpoints of an interval when doing a maximization/minimization problem!
o For a constant function, the maximum and minimum values are equal (in fact, all the values are equal).



The Intermediate Value Theorem (IVT)

Formal Statement: If a function f is continuous on a closed interval [a, b] and f(a) # f(b), then for every
value of u between f({a) and f(b), there exist at least one value of ¢ in the open interval (a, b) so that
fle) =u

Translation: A continuous function takes on all the values between any two of its values.
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Mean Value Theorem (MVT)

Formal Statement: If a function f is continuous on a closed interval [a, b] and differentiable on the open
interval (a, b), then there exists a number c in the open interval (a, b) such that f'(¢) = %.

Translation: If a function is continuous and differentiable, somewhere in the interval the tangent line must be
parallel to the secant line between the endpoints. In other words, the instantaneous rate of change is equal to

the average rate of change.
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Rolle’s Theorem (a special case of the MVT)

Formal Statement: If a function f is continuous on a closed interval |a, b, differentiable on the open interval
(@, b), and f(a) = f(b), then there exists a number c in the open interval (a, b) such that f'(c) = 0.

Translation: |f a function is continuous and differentiable, the function must have a place with a horizontal
tangent if there are two places where the function takes on the same value. In other words, there must be a

relative minimum or maximum between two places where the function takes on the same value.
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The Fundamental Theorem of Calculus (FTC)

Assume that f(x), g(x), and h{x) are differentiable functions and that F(x) is an antiderivative of f (x). In other
waords, F'(x) = f(x).

» The First Fundamental Theorem of Calculus (1" FTC)

o [) f(x)dx = F(b) — F(a).

= Equivalently: f; f '(x)dx = f(b) — f(a) (sometimes this is called the NET CHANGE)
=  Equivalently: fax f’(t]dt = f{x) — f(a)

o This yields the incredibly useful formula f(x) = f(a) + jﬂx f’(t)dt. This is used in MANY free
response questions!

» The Second Fundamental Theorem of Calculus (2 FTC)

o L[Xf(t)dt = f(x)

© Chain Rule Uariatinn:% ;(%} f(t)dt = f(h(x))-h'(x) — f(g(x)) - g'(x)



Multiple Choice Questions
EVT & IVT

1. 1997 #81 (BC) - Calc OK: Let fbe a continuous function on the closed interval [-3.6]. If f{—3)= -1 and
f6) = 3, then the Intermediate Value Theorem guarantees that

a. fl0)=0

o

. flle)= % for at least one ¢ between -3 and 6.

g}

-1<f{x) <3 for all xbetween-3 and 6.
d. fic)=1for atleast one c between =3 and 6.

flc) =0 for at least one ¢ between —1 and 3.

L]

2. 1998 #91 (AB but suitable for BC) - Calc OK:Let f be a function that is differentiable on the open interval
(1, 10). If A2y =-5, fi5) =5, and f9) =-5, which of the following must be true?

I. fhas at least 2 zeros.
IT. The graph of fhas at least one horizontal tangent.
IIl. For some e, 2<c < 5, fle) =3

a. None c. land[lonly e, [, MandIll

b. Ionly d. [andIIl only

3. 1998 #26 (AB but suitable for BC) - No Cale:

x | 0
) 1 | k] 2

—

The function fis continuous on the closed interval [0, 2] and has values that are given in the table above. The

equation flx) = % must have at least two solutions in the interval [0, 2]if k=

a 0 c. 1 e. 3

b | =



MVT

4. 2003 #83 (BC) - Calc OK:

x 0 1 2 3 4

FoEEFERERERE

The function fis continuous and differentiable on the closed interval [0.4]. The table above gives selected
values of fon this interval. Which of the following statements must be true?

b.

The minimum value of fon [0, 4] is 2.
The maximum value of fon [0, 4] is 4.
Sx)>0for0<x<4
f'(x)<0for2 <x<4

There exists ¢, with 0 <¢ < 4, for Mlichf'(c) =0.

5. 2003 #80 (AB but suitable for BC) - Cale OK: The function fis continuous for—2 < x = 1 and
differentiable for -2 <x< 1. If fi-2)= -5 and f{1) =4, which of the following statements could be false?

a.

b.

There exists ¢, where =2 < ¢ < 1, such that flc) = 0.
There exists ¢, where —2 < ¢ < 1, such that /' '(c) = 0.
There exists ¢, where =2 < ¢ < 1, such that flc)=3.
There exists ¢, where =2 < ¢ < 1, such that f'(c) = 3.

There exists ¢, where —2 £ ¢ < | such that f(c) = f(x) for all x on the closed interval
-2<x=<1.



6. 1998 #4 (AB but suitable for BC) - No Calc: If fis continuous for @ £ x < b and differentiable fora < x < b,
which of the following could be false?

some c such thata < c < b.

b)—
f0- 10T ¢

o

: f'(c)=0forsomccsuchthata<c<b.

. fhas aminimum valueona<x<b.

g}

d. fhas amaximumvalueona<x<bh

o

; rf(x)dx exists.

7. 2003 #92 (BC) - Calc OK: Let f be the function defined by f(x) = x+Inx. What is the value of ¢ for which
the instantaneous rate of change of fatx = ¢ is the same as the average rate of change of fover [1.4]?

a. 0456 c. 2.164 e. 2452
b. 1244 d 2342
FTC

8 2003 £27 (BC) - No Cale: 2 []‘:J h[:’ + 1)&:] -

dx
a. xf;il C. ln(xﬁ+l] e. Ex:h[x6+l]
Jj—"; d. 27m(x*+1]



9. 1997 #78 (AB but suitable for BC) - Calc OK:
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The graph of fis shown in the figure above. Ifj-1 Alx)dx=23 and F' (x) = f(x), then F(3) - F(0) =

a 03 c. ‘33 e: 53

b. 13 d 43

10. 2003 #18 (BC) - No Calc:
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Graph of f

The graph of the function fshown in the figure above has horizontal tangents atx =3 andx=6_ If
i
glx) = Io fle)de . what is the value of g'(3)?
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11. 1998 #28 (BC) - No Cale: Im — is

E=s1 f-l
e .
a. 0 c. 3 €. nonexistent
b. 1 d e
0.1t
12, 2003 880 (BC) - Calc OK: Insects destroved a crop at the rate of YT tons per day, where time #is
—e
measured in days. To the nearest ton, how many tons did the insects destroy during the time interval
T<r< 147
a. 125 c. B8 e, 12
b. 100 d. 50
g W IR (nx)’
13. 1998 #88 (AB but suitable for BC) - Calc OK: Let F(X) be an antiderivative of T If F(x) =0, then
F(9) =
a. 0.048 c. 5827 e. 1640250

b. 0.144 d. 23308
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