Related Rates & Implicit Differentiation Free Response Questions
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Given the curve x* —xy+ yz =9

(a) Write a general expression for the slope of the curve.

(b) Find the coordinates of the points on the curve where the tangents are vertical.

(c) At the point (0.3) find the rate of change in the slope of the curve with respect to x.
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A ladder 15 feet long is leaning against a building so that end X is on level ground and
end Y is on the wall as shown in the figure. X is moved away from the building at the

1
constant rate of > foot per second.

(a) Find the rate in feet per second at which the length OY is changing when X is 9
feet from the building.

(b) Find the rate of change in square feet per second of the area of triangle XOY when
X is 9 feet from the building.
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The volume 7 of a cone (V = —nrzh) is increasing at the rate of 287 cubic units per
second. At the instant when the radius » of the cone is 3 units. its volume is 127 cubic

. 5w ; L
units and the radius is mcreasing at : unit per second.

-

(a) At the instant when the radius of the cone is 3 units, what is the rate of change of
the area of its base?

(b) At the instant when the radius of the cone is 3 units, what is the rate of change of its
height A?

(c) At the instant when the radius of the cone is 3 units. what is the instantaneous rate
of change of the area of its base with respect to its height /?
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The balloon shown is in the shape of a cylinder with hemispherical ends of the same
radius as that of the cylinder. The balloon is being inflated at the rate of 2617 cubic

centimeters per minute. At the instant the radius of the cylinder is 3 centimeters.. the
volume of the balloon is 1447 cubic centimeters and the radius of the cylinder is

. . . . . v 2

increasing at the rate of 2 centimeters per minute. (The volume of a cylinder is nr“/#and
. .4 3

the volume of a sphere is ;m' ).

(a) At this instant. what is the height of the cylinder?

(b) At this instant, how fast is the height of the cylinder increasing?
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Consider the curve defined by the equation y+cosy=x+1 for 0< y<2r.

d
(a) Find Ti);, in terms of y .

(b) Write an equation for each vertical tangent to the curve.

L

(c) Find %—2}: in terms of v .
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(a) Implicitdifferentiation gives
x—-9'-y+21'=0
Qy-x)y'=y-2x

v Y—2x
2y—x

J.‘

(b) There is a vertical tangent when 2y—x=0. so x =2y . Substituting into the
equation of the curve gives (23) —(2y)y+3* =9 or 3y* =0 Therefore y = +3
and the two points on the curve where the tangents are vertical are (2\/§ A3 ) and

(-243,-3).

© y'= Qy=-x)0"=-2)=(y=-2x)(2y'-1)

Qy-x)*
3 il =)
46 i (6—0){;—2 -G-00-D
At the point (0.3), y'=——=—andso }"= e =—
6-0 2 (6-0)° 4

Alternatively. one can use imiplicit differentiation a second time to get

2-x) =y -y +20'+20)7 =0
: .
Substituting x=0, y=3. and y == gives

11 .
2-0-=-=+6y +2;\ :

!
(8]
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(b)

e

I
ta| —

=

Implicit: ﬁ=l xﬂ+_1'£
dat 2\ 4t " adt)
ﬁ=l'9.| _2':-12.1
df 2\ \ 8.‘ 2
dd 21

dr 16
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(a) A=m?
Whenr=3, A oom@ o313,
di dr 2
(b) V=Lrn or v=L1an
3 3
a1 adh 2 dr v _1 dh 1 di
dat 3 d 3 dt ¢ 3 dt 3 dt
Lodh 2 (1) 1, .dh 1
28 =— Ty =1 2871 =—(0n)—+—4(37
28 311(9) dt+ 31(3)(4)( 5 | 8m 3( ) dz+34(31)
i’l: d_h=
dt dr
dd
. dd g 3n
© Z=a s
ar
or
A=m
E=2.’r ar
dh dh

Therefore E =2n(3) ‘ l =3_‘T
ahn 16,/ 8
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a) I'= .'U'Zb+%7rr3

1447 =1(3)%h +§n(3)3

At this instant, the height 1s 12 centimeters

d!f 2 dh B ar i .Zﬂ

(b) 7 = dr+'mhdt 477 =
261n=1(3):%+3n(3)(12)(2)+4n(3)2(3)
dh .
—=35
dt

At this instant. the height 1s increasing at the rate of 5 centimeters per nunute.
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dx l-smy

(b) ?—‘ undefined when sm y =1

© d-y B




