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The Riemann Sum and the Definite Integral

inzroduction to the Rismann Sum by considert ive functions which are
], To simplify the explanation and m» calculations, the inferval
5 of ¢qual wicth. and the sampls poinis will comrespond to

. A mors gensralrizorous treatment of the Rismann Sum
may be found in the calenlus texrbook used by Pure and Appliad Science smdents.

Let the non-negative finction y= f(x) be contimuous over [a.b] . Wedivide [a.5] izro n
squal subizarvals of witth Ar=2= . The righ endpoints of the subiatervals are dasiznated
X X3 Xy, ..., Where X, =a+kAr andwhers x_=b. For 2ach subinterval we
constrixct 3 ractanziz as shown in the diagram.

} a x I, . A

of ezch rectangle is Av. The height of ractanzle k (the rectanzle on the subinterval
rizht 2ndpoini) is f( 1 ). It follows that the arza of rectangls k is f(x,)Av . The
areas of all n rectangles is called the Riemann Sum. Le. the Riemaim Sum is equal

52
, as
Lt

sum o
5 ths expression S' Slx; JAx . We sze that th Rizmann Sum is an approximation of th exact

area under the zxzph of f fromatod. The larger the valuz of i the better the approximation.
It can be proven that the limir 2t infinity of the Riemann Stm is the exact area under the zraph of
f fromato b. This limit has a special name and notation. It is called th definite fntegral.

Definition of Definite Integral If f is a continuous function defined on [a.5). and if
[2.5] is dividad into » 2qual subintervals of width At = ”;”. andif x, =a+kAt isthe
val k, then the dafinite integral of f from a to b is the number
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Practice: Use the definition of the definite integral to write each integral using limit notation.
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AP Practice Problems: L" (210) + 5(2 4> "" 3 (2 9)
Part A. No Calculator Allowed. N 5 . ; .
x 2 5 10 . 7(x) 10 30 a0 20
f(x) 12 28 34 30 i"', The function f is continuous on the closed interval [2, 8] and has values that are given in the
1. The function f is continuous on the closed interval [2, 14] and has values as shown in the table it Using;he subintervals [2, 5], (5, 7), and [7, 8], what is the trapezoidz| 1
above. Using the subintervals (2, 5], S, 10], and [10, 14], what is the approximation of approximation of [, f(x)dx? ‘
_[1" f(x)dx found by using a right Riemann sum? (A) 110 (8] 130 (D) 150 (E) 210
) 29 ) 312 © 343 @ &) 3% é 3({0-{—- 30) £ _’2_(2 O-i—‘l‘Q) + i(LIO-f-Z-O))
2. Whichof the following limits is equal to j: x* dr:x 2
A -—
! k 4 1 t
@) lim (3+-) 1 (A 0 2 a 6
-..-Z} n) n v — 3 + 2 K_ (sec)
®) lim 2(3 +5]‘ 2 - L4 4 a(t)
o\ n) £ C\’{ ) - ﬁ? - 2% (sec’) 5 2 8 3
ar gty ~e \\’j
(C) lim Z(3+—) oy L‘ 2_ 5 The data for the acceleration a(t) of a car from 0 to 6 seconds are given in the table above. If
S " /A\’rp — / g 2_ V-'_ ) — the velocity at t = 0 is 11 feet per second, the appraximate value of the velodityatt = 6,
L] (1 2% 45 ~ a— ‘\ + y\ V\ computed using 3 left-hand Riemann sum with three subintervals of equal length, is
D) Jli 3+=| = =
(o) .LT.E *a ) n (A) 26 ft/sec (8) 30 ft/sec (C) 37 ffsec (D) 39 ft/sec /’(E) 21 f/sec
Part B. Graphing Colculator Allowed. -
- ; z-C S+2+4 E*}
nammdﬂmmmwuﬂnﬂsﬂ[(x)d&udnﬁﬁﬂﬂ:mmsmm&nnmﬂms i !{ - ;
. L = &£
f; £(x)dx, which of the following couid be the graph of y = [(x)? ——rA M over CC__/‘\ Z(] 5> =20 T
/(\
fm (8)
K{{ A M w W d ec x 0 05 1.0 15 20
f(x) 3 3 5 8 13
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6' A table of values for a continuous function f is shown above. I four equal subintervals of [0, 2]
are used, which of the following is the trapezoidal approximation of j:[(x)dx?
(A) 8

(8) 12 (@ 16 (D) 24 (g) 32
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